Abstract. In this article, we prove the existence of Arnold diffusion for an interesting specific system -discrete nonlinear Schrödinger equation. The proof is for the 5-dimensional case with or without resonance. In higher dimensions, the problem is open. Progresses are made by establishing a complete set of Melnikov-Arnold integrals in higher and infinite dimensions. The openness lies at the concrete computation of these Melnikov-Arnold integrals. New machineries introduced here into the topic of Arnold diffusion are the Darboux transformation and isospectral theory of integrable systems.
Introduction
For a simple example posed by V. I. Arnold [3] , the existence of the so-called Arnold diffusion has been proved (see e.g. [3] [4] [14] ). The argument involves two parts: A calculation of the Melnikov-Arnold integrals [3] and a transversal intersection argument [4] supported by a λ-lemma [14] . Other arguments of variational type were also developed [29] [31] [5] [7] .
Nevertheless, the theory of Arnold diffusion is far from complete [13] [11] . The main challenge is dealing with high dimensional specific systems of interest in applications. When the dimensions of the KAM tori are large, more Melnikov-Arnold integrals are needed to establish Arnold diffusion. Calculating these integrals is a dauting task if not impossible, even with computers. In an infinite dimensional phase space, even the dimensions of the KAM tori become a challenging issue. Are there infinite dimensional KAM tori ? in what form ? In the classical setting of a Banach space with angles-momenta coordinates, the challenge is how to deal with the perturbation v.s. the decay of the sequence of momenta. It is a very interesting problem.
The aim of the current article is to draw attention to two canonical systems of mathematical physics: The discrete nonlinear Schrödinger equation (DNLS) and its continuous version -the nonlinear Schrödinger equation (NLS). DNLS and NLS are integrable systems that describe many different phenomena in physics [2] . DNLS is an integrable finite difference discretization of NLS. An interesting fact about DNLS is that one can choose and change the dimensions of the phase space by selecting the number of particles in the discretization. For a two particle case, under periodic Hamiltonian perturbations, the resulting system is 5-dimensional, for which the existence of Arnold diffusion will be proved here. For a three particle case, the system is 7-dimensional, and will be a good testing ground for a higher dimensional theory.
The integrable theory offers the missing link from low dimension to high dimension via two powerful and beautiful machineries: Darboux transformation and isospectral theory. Darboux transformation generates explicit expressions of separatrices, while isospectral theory produces all the Melnikov vectors. Together they provide a complete set of Melnikov-Arnold integrals with elegant universal formulae. This is the case for both DNLS and NLS [17] [18] [19] [20] [21] . On the other hand, specific calculation of these integrals is the challenge. For the purpose of proving the existence of chaos, often one Melnikov integral is enough and easily computable [19] [21] [22] [25] [26] . The reason is that one can utilize locally invariant center manifolds instead of KAM tori. For the purpose of Arnold diffusion, local invariance (i.e. orbits can only enter or leave the submanifold through its boundaries) is not enough. This is due to the second part of the argument for Arnold diffusion mentioned above. To establish a λ-lemma, one needs the tori to be invariant (not locally invariant). For a different application of λ-lemma in (1) . establishing shadowing lemma in infinite dimensional autonomous systems, (2) . proving the existence of homoclinic tubes and heteroclinically tubular cycles, (3) . proving the existence of tubular chaos, (4) . proving the existence of chaos cascade; we refer the readers to [23] [24] [25] [26] .
The article is organized as follows: Section 2 deals with isospectral theory and Darboux transformation for both DNLS and NLS. Section 3 deals with Arnold diffusion for a 5-dimensional perturbed DNLS.
Isospectral Theory and Darboux Transformation
In this section, we are going to present the isospectral theory and Darboux transformation for both the discrete nonlinear Schrödinger equation (DNLS) and the nonlinear Schrödinger equation (NLS).
Discrete Nonlinear Schrödinger Equation.
Consider the discrete nonlinear Schrödinger equation (DNLS),
where q n 's are complex-valued, i = √ −1 is the imaginary unit, ω is a positive parameter, and q n satisfies the periodic boundary condition and even constraint,
where N is a positive integer N ≥ 3 and h = 1/N . The DNLS (2.1) is a 2(M + 1)-dimensional system, where M = N/2 (N even) and M = (N − 1)/2 (N odd). The DNLS can be rewritten in the Hamiltonian form
where ρ n = 1 + h 2 |q n | 2 and
The phase space is defined as
In S (viewed as a vector space over the real numbers), we define the inner product, for any two points q + and q − , as follows:
And the norm of q is defined as q 2 = q, q .
Remark 2.1. In the expression of H 0 , both
n=0 ln ρ n are constants of motion too. I will be used later to establish Arnold diffusion in the non-resonant case. Also the constant of motion D given by D 2 = N −1 n=0 ρ n will play an important role in the isospectral theory. In the continuum limit (i.e. h → 0), the Hamiltonian H 0 has a limit in the manner: hH 0 → H c , where H c is the Hamiltonian for NLS,
Isospectral Theory of DNLS.
For more details on the topic of this subsection, see [18] . DNLS has the Lax pair [1] 
and where z = exp(iλh). Compatibility of the over determined system (2.4,2.5) gives the "Lax representation"L n = B n+1 L n − L n B n of the DNLS (2.1). Focusing our attention upon the discrete spatial part (2.4) of the Lax pair, let M n = M n (z, q) be the 2 × 2 fundamental matrix solution such that M 0 is the 2 × 2 identity matrix. The Floquet discriminant ∆ : C × S → C is defined by
where
The isospectral theory starts from the fact that for any z ∈ C, ∆(z, q) is a constant of motion of DNLS. An easy way to understand this is that as q n evolves in time according to DNLS, the parameter z in the Lax pair does not change. ∆(z, q) is a meromorphic function in z of degree (+N, −N ), and provides (M + 1) functionally independent constants of motion, where M = N/2 (N even), M = (N − 1)/2 (N odd). There are many ways to generate (M + 1) functionally independent constants of motion from ∆. The approach which proved to be most convenient is by employing all the critical points z c of ∆(z, q):
We define a sequence of (M + 1) constants of motion F j as follows
There is a good description on the locations of these critical points z c j in the NLS setting [19] . These F j 's can be used to build a complete set of MelnikovArnold integrals for the Arnold diffusion purpose. The Melnikov vectors are given by the gradients of these F j 's. 
For a perturbation H 0 +ǫH 1 of the Hamiltonian H 0 , a complete set of MelnikovArnold integrals is then given by
which are evaluated on the unstable manifolds of tori that persist into KAM tori, where ∂Fj ∂qn is given by (2.7). Expression (2.7) is a universal expression for all the Melnikov vectors. The challenge is of course how to compute these I j 's. The difficulty lies at how to obtain expressions of the orbit q n and the corresponding ψ ± n . By utilizing Darboux transformations, these expressions can be obtained even by hand in some cases.
Darboux Transformation of DNLS.
For more details on the topic of this subsection, see [18] . Expressions of unstable manifolds of tori can be generated via Darboux transformations. For DNLS, such a Darboux transformation was established in [17] .
Let q n be any solution of DNLS. Pick z = z d (|z d | = 1) at which the linear operator L n in the Lax pair (2.4)-(2.5) has two linearly independent periodic solutions (or anti-periodic solutions) φ ± n in the sense:
+ and c − are complex parameters. Define the matrix Γ n by
From these formulae, we see that
Theorem 2.4 (Darboux Transformation [17] ). Define Q n and Ψ n by
is also a solution of DNLS, and Ψ n solves the Lax pair (2.4)-(2.5) at (Q n , z).
In principle, by choosing q n to be orbits on the tori, one can generate Q n to be orbits on the unstable manifolds of the tori. In special cases, Q n can be calculated by hands.
Next we present an example. Define the 2-dimensional invariant plane
On Π, the solutions of DNLS are given by the periodic orbits (1-tori)
where a and γ are real constants. We choose the amplitude a in the following range so that the unstable direction of q c is 1-dimensional
Increasing the unstable dimensions of q c amounts to iterations of the Darboux transformation which are still doable by hands, and does not add difficulty substantially in the Arnold diffusion problem. To apply the Darboux transformation we choose
Direct calculation leads to the following formulae
and p is a real parameter. One can easily see that Q n represents homoclinic orbits asymptotic to the periodic orbits q c : As t → ±∞,
The union
represents the 2-dimensional unstable (=stable) manifold of the 1-torus (2.9). When N > 3, the 1-torus also has a center manifold of codimension 2.
Nonlinear Schrödinger Equation.
Consider the nonlinear Schrödinger equation (NLS), (2.13)
where q = q(t, x) is a complex-valued function of the two real variables t and x, t represents time, and x represents space. q(t, x) is subject to periodic boundary condition of period 2π, and even constraint, i.e.
ω is a positive parameter. The DNLS (2.1) is an integrable finite difference discretization of the NLS. The NLS can be rewritten in the Hamiltonian form (2.14)
where H k is the Sobolev space of periodic and even functions.
Isospectral Theory of NLS.
For more details on the topic of this subsection, see [19] . NLS has the Lax pair
Focusing our attention on the spatial part (2.15) of the Lax pair (2.15,2.16), we can define the fundamental matrix solution M (x) such that M (0) is the 2 × 2 identity matrix. Then the Floquet discriminant ∆ is defined as
The isospectral theory starts from the fact that for any λ ∈ C, ∆(λ, q) is a constant of motion of NLS. ∆ = ∆(λ, q) is an entire function in both λ and q. ∆ provides enough functionally independent constants of motion to make the NLS (2.13) integrable in the classical Liouville sense. There are many ways to generate these functionally independent constants of motion from ∆. The approach which proved to be most convenient is by employing all the critical points λ c of ∆(λ, q):
For each q, there is a sequence of critical points {λ c j } whose locations can be estimated [19] .
Definition 2.5. We define a sequence of constants of motion F j as follows
These F j 's can be used to build a complete set of Melnikov-Arnold integrals for the Arnold diffusion purpose. The Melnikov vectors are given by the gradients of these F j 's.
(T : transpose), are two Bloch solutions of the Lax pair (2.15)-(2.16) at (λ
where σ is a complex constant andψ ± (x) are periodic in x with period 2π,
is the Wronskian, and ∆ is evaluated at λ = λ c j . For a perturbation H 0 +ǫH 1 of the Hamiltonian H 0 , a complete set of MelnikovArnold integrals is then given by
which are evaluated on the unstable manifolds of tori that persist into KAM tori, where ∂Fj ∂q is given by (2.17). Expression (2.17) is a universal expression for all the Melnikov vectors. The challenge is of course how to compute these I j 's. The difficulty lies at how to obtain expressions of the orbit q and the corresponding ψ ± . By utilizing Darboux transformations, these expressions can be obtained even by hand in some cases. Also as mentioned in the introduction, there is the issue of elusiveness of infinite dimensional KAM tori. As j → ∞, The magnitude of I j v.s. the size of the perturbation ǫ is another tricky problem.
Darboux Transformation of NLS.
For more details on the topic of this subsection, see [19] . Expressions of unstable manifolds of tori can be generated via Darboux transformations. For NLS, such a Darboux transformation was also known.
Let q be any solution of NLS. Pick λ = ν (complex constant) at which (2.15) has two linearly independent periodic solutions (or anti-periodic solutions) φ ± in the sense:
where c + and c − are complex parameters. Define the matrix G by
Theorem 2.7 (Darboux Transformation). Define Q and Ψ by In principle, by choosing q to be orbits on the tori, one can generate Q to be orbits on the unstable manifolds of the tori. In special cases, Q can be calculated by hands.
On Π, the solutions of NLS are given by the same periodic orbits (1-tori) as in (2.9)
where a and γ are real constants. We choose the amplitude a in the range a ∈ (1/2, 1) so that the unstable direction of q c is 1-dimensional. Increasing the unstable dimensions of q c amounts to iterations of the Darboux transformation which are still doable by hands [21] , and does not add difficulty substantially in the Arnold diffusion problem. To apply the Darboux transformation we choose
This ν is also a critical point of ∆. We label it by z c 1 = ν. Direct calculation leads to
, where
and ρ is a real parameter. As t → ±∞,
represents the 2-dimensional unstable (=stable) manifold of the 1-torus (2.18). The 1-torus also has a center manifold of codimension 2.
Arnold Diffusion
To establish the existence of Arnold diffusion, one needs three ingredients: (1). Melnikov-Arnold integrals, (2) . A λ-lemma, (3). A transversal intersection argument. Melnikov-Arnold integrals have been studied above. Next we discuss the other two ingredients. 
Remark 3.2. Like every other λ-lemma, the claim is very intuitive, but the proof is always delicate. The proof in [14] takes about eight pages. For a quick glance of the basic idea, see e.g. [23] . It turns out to be crucial to use Fenichel's fiber coordinates. With respect to base points, Fenichel fibers drop one degree of smoothness. That is why C 2 smoothness is required in the lemma to obtain C 1 families of C 2 unstable and stable Fenichel fibers. Using the Fenichel's fiber coordinates, W u and W s are rectified, i.e. they coincide with their tangent bundles. This makes the estimate a lot easier. Fenichel fibers also make it easier to track orbits inside W u and W s via the fiber base points in T. The main argument is to track the tangent space of a submanifold S of Γ starting from the intersection point of Γ and W s . After enough iterations of F , one can obtain some estimate of closeness to W u . The novelty of [14] is that they also track the tangent space at every point in S and off W s . This is necessary in order to obtain the claim of the lemma. The claim is proved by showing that any neighborhood of any point on W u has a nonempty intersection with F m (S) for some m. The claim of the lemma should also be true in proper infinite dimensional settings. Proof. Let Ω 1 be an arbitrary neighborhood of an arbitrary point u 1 ∈ W u (T 1 ). LetB u1 (r 1 ) ⊂ Ω 1 be a closed ball of radius r 1 > 0 centered at u 1 . Then using the λ-lemma 3.1, one can find
Indeed, by the λ-lemma 3.1,
where B u1 (r 1 ) is the open ball. Then one can find
Again by the λ-lemma 3.1,
and one can find
and so on. Let Ω N be an arbitrary neighborhood of an arbitrary point in W s (T N ). Inside Ω N , one can find a C 1 submanifold intersecting transversally W s (T N ) at the point. Again by the λ-lemma 3.1,
Thus Ω 1 and Ω N are connected by an orbit. Starting from u, one obtains a connecting orbit. In a Banach space setting, if N = ∞, then one can choose r j+1 ≤ 1 2 r j for any j in (3.1). Choosing an arbitrary point v j inB uj (r j ), one gets a Cauchy sequence {v j }. Thus
Starting from v, one still obtains a connecting orbit.
Arnold Diffusion of DNLS (N = 3, Non-resonant Case).
In this subsection, we prove the existence of Arnold diffusion for a perturbed DNLS when N = 3, which is a 5-dimensional system. For arbitrary N , one can find large enough annular region inside the invariant plane Π (2.8), which is normally hyperbolic, for which the current proof can be easily applied. The point is that increasing unstable and stable dimensions does not pose substantial computational difficulty to establishing Arnold diffusion, while increasing the dimensions of tori does. We will study here the case that there is no resonance (ω = 0) inside the invariant plane Π (2.8). The resonant case (ω = 0) will be studied in next subsection.
Consider the following perturbation of the DNLS (2.1)
where α is a real parameter. Under this perturbation, dynamics inside Π is unchanged. Π consists of periodic orbits forming concentric circles (2.9) [ Figure 1 ]. We are interested in the following normally hyperbolic annular region inside Π
where B is an arbitrary large constant. Denote by {F u,s ( q) : q ∈ A} the C 1 families of C 2 one dimensional unstable and stable Fenichel fibers with base points in A [19] such that for any q * ∈ F u ( q) or q * ∈ F s ( q), ( q ∈ A),
where F t is the evolution operator of the perturbed DNLS, κ and C are some positive constants. The Fenichel fibers are C 1 in ǫ ∈ [0, ǫ 0 ) for some ǫ 0 > 0. It turns out that the constant of motion of DNLS (2.1)
ln ρ n and F 1 [cf: (2.6) and (2.12)] are the best choices to build the two Melnikov-Arnold intergals. Restricted to Π,
The level sets of I lead to all the periodic orbits (1-tori) in Π. The unstable and stable manifolds of an 1-torus given by I = A (a constant) in A are
which are three dimensional (taking into account the time dimension).
Theorem 3.6 (Arnold Diffusion). For any A 1 and A 2 such that 1 h 3 ln ρ 0 < A 1 < A 2 < +∞ ,
2 , there exists a α 0 > 0 such that when |α| > α 0 ,
Proof. One can check directly that for any q ∈ A, F 1 ( q) = −2 and ∂F 1 ( q)/∂ q = 0 [cf: (2.6) and (2.12)]. Now consider W s (a 1 ) and W u (a 2 ). Along any orbit q
is the Poisson bracket. Notice that {F 1 , H 0 } = {I, H 0 } = 0 at any q ∈ S. Since ∂H 1 /∂ q → 0 exponentially as t → +∞, the corresponding integrals converge. Similarly along any orbit q u (t) in W u (a 2 ), we have
Thus a neighborhood of W s (a 1 ) in S can be parameterized by (γ, t 0 , t, F 1 , I) where γ is defined in (2.9), t 0 is the initial time, and
for some γ and t 0 . In such a case, there is an orbit
Let q(t, 0) be an orbit of DNLS such that q(0, 0) and q(0, ǫ) have the same stable fiber base point. Then
For any small δ > 0, there is a T > 0 such that
for some ǫ 0 > 0. For this T , when ǫ is sufficiently small,
Finally we have
Next we solve the above equations at the leading order in δ and ǫ. Rewrite the derivative given in (2.12) as follows ∂F 1 /∂q n = V n e −iγ , whereγ = γ + 2(a 2 − ω 2 )t 0 , t 0 = p/µ, and V n represents the rest which does not depend onγ. We also rewrite q c (2.9) and q n (2.11) as q c =q c e iγ , q n =q n e iγ , whereq c andq n do not depend onγ. Then substitute all these into the leading order terms in (3.2)-(3.3), we obtain the following equations
and τ = t + p/µ. Equations (3.4)-(3.5) are easily solvable as long as neither
vanishes. In Figures 2-4 , we plot the graphs of them as functions of a. We solve equation (3.5) forγ, then solve equation (3.4) for t 0 . Thus when |α| is large enough, we have solutions. It is also clear from equations (3.4)-(3.5) that W s (a 1 ) and W u (a 2 ) intersect transversally. Then we can choose a sequence
The period of the 1-tori (2.9) is π/a 2 . Thus we can always choose the a j 's such that the frequencies 1 2a 2 of the corresponding 1-tori are irrational. Therefore we obtain a transition chain. Apply Lemma 3.4 to the period-2π map of the DNLS, we obtain the claim of the theorem.
Remark 3.7. The constant of motion I is equivalent to F 2 for z c 2 = 1 (2.6). The continuum limit of H 1 has the form 
Arnold Diffusion of DNLS (N = 3, Resonant Case).
In this subsection, we prove the existence of Arnold diffusion for a perturbed DNLS when N = 3, which is a 5-dimensional system. We will study here the case that there is a resonance (ω > 3 tan Consider the following perturbation of the DNLS (2.1) where
where α is a real parameter. Under this perturbation, dynamics inside Π is changed. Due to the resonance a = ω in (2.9), some tori do not persist into KAM tori. A secondary separatrix is generated. Inside this separatrix are the secondary tori [ Figure 5 ]. As can be seen below, resonance does not add difficulty to the Arnold diffusion problem. Instead of I in last subsection, we usê
to build one of the two Melnikov-Arnold integrals. Restricted to Π, the level sets ofĤ produces Figure 5 . The unstable and stable manifolds of an 1-torus given bŷ
Theorem 3.8 (Arnold Diffusion). For any A 1 and A 2 such that
there exists a α 0 > 0 such that when |α| > α 0 , W u (A 1 ) and W s (A 2 ) are connected by an orbit.
Proof. Again one can check directly that for any q ∈ A, F 1 ( q) = −2 and 
∂H2
∂ q → 0 exponentially as t → +∞, the corresponding integrals converge. Similarly along any orbit q u (t) in W u (a 2 ), we have
Thus a neighborhood of W s (a 1 ) in S can be parameterized by (ϑ, t 0 , t, F 1 ,Ĥ) where ϑ is the angle of the 1-torusĤ = a 1 in Π, t 0 is the initial time, and To the leading order terms in (3.6)-(3.7), we obtain the following equations vanishes. In Figures 6-8 , we plot the graphs of them as functions of a. We solve equation (3.9) for t 0 , then solve equation (3.8) forγ. Thus when |α| is large enough, we have solutions. It is also clear from equations (3.8)-(3.9) that W s (a 1 ) and W u (a 2 ) intersect transversally. Then we can choose a sequence A 1 = a 1 < a 2 < · · · < a N = A 2 , such that W s (a j ) and W u (a j+1 ) (1 ≤ j ≤ N −1) intersect transversally. The period of the 1-tori (Ĥ = a j ) depends on a j no matter they are KAM tori or secondary tori. We can always choose the a j 's such that the frequencies of the corresponding 1-tori are irrational. We can use one secondary torus inside and close enough to the separatrix ( Figure 5 ) to bridge across the resonant region of width O( √ ǫ).
Therefore we obtain a transition chain. Apply Lemma 3.4 to the period-2π map of the DNLS, we obtain the claim of the theorem.
Remark 3.9. The continuum limit of H 1 and H 2 have the form
which is suitable for the NLS setting. One can regularize the perturbation by replacing the partial derivative ∂ x in H 2 by a Fourier multiplier∂ x , e.g. a Galerkin truncation.
